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ON THE BOUNDARY CONDITION ON THE EARTH SURFACE i
FOR DIFFUSING POLLUTION !
1 A. S. Monin
‘ Insiibute of Physies of the Atmesphere, Academy of Sciences of the U.S.S.R.
B The diffusion of poliution along the vertical will be described here by '
means of the routine parabolic oqu;txon
(n 3q wg = K (z) %
where g is the concentration of the pollutnon t the time, w the velocity of

gravitational fall of pollution particles, and K(z) the coefficient of vertical
diffusion. The vertioal pollution flux is then K(z) % +wq. The boundary

oondition on the earth surface must reflect the character of the interaction

between the diffusing particles and the surface ; such a condition can be
written as

@) ~ (x”m B) =0
where B is a constant characterizing the interaction between the

diffusing pollution and the surface. When 8 = 0 the condition (2) means
that the pollution flux through she earth surface is zero, so that the entire
pollution remains in the air; in other words, the pollution particles are '
- reflected from the earth surface. When 8 = » the condition (2) takes & !
form of (g),., = 0; it means that the pollution particles reaching the !
H earth surface stick to the earth or are absorbed by it. :

When 0 <8 < = the condition (2) means that the particles reaching
) the earth surface can be either reflected from or absorbed by it. In order
4 to find the order of magnitude of B, let us consider the simplest case
/ .~ K(s) = const, g4 = 0. The solution of Equation (1) at the height z = A and
/ stthomomentvhenthmummtmtmoompomt-ouroeofumtin-
%
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tensity ¢ = 0 is, under the boundary condition (2),
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2 A. 8. MONIX

where ¢(z) is the standardized normal integral probability distribution.
The fraction of the diffusing particles to be absorbed by the earth surface
at the moment ¢ is determined by the expression

@ PN - l—iq(z;t;h)dz - -ﬂ_.-m(_iw_)

F-v VKD
. A-wt\ 28-w UK
+#{(~Jiaky) ~ g S
A+ (28—w)t
*$| - —Viekn ]

The value P(¢; A) is the probability of the event that the particle,
bdnguthomomentl-Ointhepointz-h,willbesblorbodduﬁngthe
time ¢ by the earth surface. In particular, the particle reaching the earth
surface at the moment ¢ = 0, will be absorbed by it during the time ¢ with
the probability

(8) P(s;O)-Hﬂ—'_"; (-wj§3—%%"m*”"¢[(w-ZMJé]

When ¢ is small this expreesion takes the form

(® P(;0) = 28, () +otvo
50 that the value 8 can be determined by

oy VE) Pt; 0)
(7) p""h_f: 2Vt

This formula throws light on the statistical value of the parameter .
Note that if the process of the absorption of the particles obeyed the
Poieson law, then P(¢,0) if ¢ is small would be proportional to ¢ and not
to v/t. Consequently, the boundary condition (2) implies that the absorp-
tion of particles reaching the earth surface oocurs more often than in the
oase of the Poisson law. :

Poinied by Spstiiowceds, Buallaniyns & Co. Lid., London and Oolshester
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DESCRIPTION OF TURBULENCE IN TERMS OF LAGRANGIAN
' VARIABLES R

_ A M. Obukhov' v
. \aafinte of Physis of the Atmesphors, Assdemy of Selances of the USSR,
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" The method of describing turbulence in terms of Lagrangian variabies is -
in giving statistical characteristics of the state of an “indicator” system
(nnindimionhctodpuﬁcloohﬂux,cdbd.bo“nlo.ﬁn‘g‘nd”).
Thestate of each indicator is determined by ite coordinate x and velocity
v.! A great amount of information is required to give s description of the
instantaneous state of a hydrodynamical field in detail. But the coa-

, sideration of the statistical characteristics of the track of a single indi-

- * cator may present valuable information on the properties of the flux in

§ the form of & distribution function ¢(z,v). In particular, it makes it

possible to obtain all one-point characteristics of turbulence (a8 the
. mean flux velocity at any point, the intensity of pulsation, Reynolds
stress, and 80 on) and some characteristios of turbulent diffusion also.
' The description of the flux with two indicators is similar and leads to

the consideration of a double-distribution function and of two-point
characteristios of turbulence related with it (correlation moments).

The conditional distribution function g, (z, v) is the principal character-
istic of the motion in Lagrangian variables, i.e. the probability of the
selected particle, which at the initial moment has the coordinate zy and
N ’ the velocity v,, having after a certain period of time = the coordinate z

o e

and the velocity v. The problem is to determine this function theoretically
for a ““free turbulence " (i.e. not taking into consideration the boundary
influence and mechanism of energy supply) when we assume that :

(a) The evolution of the state of the selected particle in time forms a
Markov process and can be deacribed by the Foker-Plank equation in
the space (z,v).

(b)'l‘hoequtiomchnribingthepmoauofpﬂﬁokwhﬁ
Lo turbulent flux are invariant with respect to Gallileo’s traneformations
including translations and rotations. The situation is similar to that in

leise pic flux velocity for a definite place which is, generally apeaking,
a-mm-uuw-mmaa-mwhmmm).
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2 A. M. OBUKHOV

the Kolmogoroff theory for the Eulerian description of local isotropic
turbulence.
Under such conditions the distribution function 7 oheys the equation :

%1: - -(VV)o+BAg

where A, is the Laplace operator in the space of velocities, B is the main
characteristic of the procees and is expressed in cm?/sect.

Fia. 1. Virtual diffusion coefficient K (cm?/sec.) and root mean squere pulsation
velocity ¢’ (cm/sec.) as functions of the soale of turbulence I

The solution of this equation under the initial condition
02, ) = 3(z %) 30— 1y)

gives the function g,(2,v) and allows one to obtain explicit expressions
for A, 1?, 322 = (Az - v,A4) and also the diffusion coefficient K determined
by the formula :

1d
K-l

It appears that 3% ~ Br*; K ~ Br*; Ack ~ Br. If the characteristic
soale ! for the probability distribution is introduced (putting, for example,
P = 32 and the interval of time + is eliminated from the above equations
then we obtain:

A ~ (BI)¥*; K = B3s,

-

s

DESCRIPTION OF TURBULENCE IN TERMS OF LAGRANGIAN VARIABL.¥-~

These results are in good agreement with the Kolmogoroff theory i+ ¢
coefficient B is interpreted as the energy diseipation e (with an acoi.:
of & multiplier of the order of unity). The agreement of the results w1 ..
the conclusions obtained solely from the similarity hypothesis, is an
argument in favour of hypothesis (a).

In s “free turbulence ”’, as is known, a stationary distribution of pre.b
abilities for the velocities themselves does not exist (the distributior: is
supposed to exist only for corresponding differences in velocities) nind
consequently, the turbulent coefficient of diffusion increases indefiiit: iy
with time (cloud sise). By formally introducing s weak friction force i1
the equation, taken to be linearly dependent on the flux velocity. w
obtain a scheme with & final relaxation time 7. When B = 1 cm? sec? an:i
T = 5-10% sec. (six days) this scheme (Fig. 1) allows us to describe the
variation of the horisontal coefficient of turbulent diffusion to an upper
limit of 10'* cm?*/sec. and the average level of turbulent energy in the
atmosphere also.

Prinied by Spottiswoode, Balloniyne & Co. Lid., Lendon and Oclchester
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SMOKE PROPAGATION IN THE SURFACE LAYER OF THE
ATMOSPHERE

A. S. Monin
neitiute of Physics of Almesphere, Acodemy of Science, U.S.S.R.

1. Tun PrincrrLx or A LiMiTsp VELOCITY OF ATMOSPHERIC
Drrrusiox
The diffusion of pollution (in particular, smoke) in the atmosphere is dwe
to the turbulent pulsations of the wind velocity. The magnitude of these
pulsations is limited (for example, it does not exceed the sound velocity) :
therefore the following principle may be set forth :

(a) Propagation of the pollution through space due to Atmospheric

diffusion occurs with a limited velocsty.

In accordance with this principle, the space occupied with a smoke
flowing out of any source, has a very distinct boundary beyond which
there is no smoke; such & boundary can visually be seen while observing
the diffusing smoke. v

Let us consider a single puff of smoke. If the maximum veloclty of the
vertical propagation of the diffusing smoke is designated as w*, the
change of the vertical diameter of the smoke puff with time will be
described with a formula:

(1) : D = 2uw*t.

This formuls was verified experimentally by Kasanski and Monin
(1957) by means of filming a single smoke-puff in the surface layer (with
frequency of 1 frame per 5 sec.). An example of such a film is given in

Fig. 1. The dependence of D upon ¢ is shown in Fig. 2(a) and is in & good
t with Equation (1) (w*® in this case has the value 0- 12 m/sec.).
Fig. 2(b) displays the dependence of the horizontal diameter of the
smoke puff D, upon §: ﬂnwd-mdnoeo‘aboobwmdtho- ‘
Myﬁomthooquﬁon i
1)) : ' %’-M+A,l

where ¢ is the maximum velocity of the horizontal diffusion and A8
hmmma-mm_onmwmm
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boxridaries of the smoke puff. A8 increases with D, and consequently
D, increases faster than the linear function of ¢.
'Ihemethodviidynndfordncﬁbingthommtmﬁonh.mob
puff, is the Gaussian function. Ithmtedthenthstthev‘nibbboundn.ry
of the smoke puff corresponds to some critical conoentration at which

the air becomes opaque. We disagree with this interpretation and con-
sider that the concentration beyond the visible smoke puff equals zero.

2. Tae Usk or THE Smmmuanrry TuEORY FoR DESCRIBING THE
TurBULENT D1rrusion I THR Surrace LavEr
Atmospheric diffusion is characterised by the state of turbulence. The
stationary turbulent regime in the surface layer, when the turbulence is
homogeneous in the horizontal, obeys the similarity theory developed by
Monin and Obukhov (1983, 1954). The turbulent regime is completely
determined by the parameters v, = (r/p)¥* and g/cyp (v, ia the friction
velocity, r the turbulent strees, ¢ the turbulent heat flux, ptheair density,
¢, the specific heat), which do not vary with altitude in the surface layer,
and by the universai parameter g/T, (g is the acceleration of gravity, T,
the mean temperature of the surface layer) characterizing the effect of
the Archimedee forces. According to the similarity theory, the only scale
of velocity in the surface layer is vy and the only scale of length is the

value
vd

L=
3 x%(—;%;)

(x = von Kérmén constant introduced for convenience). Under indif-
ferent stratification ¢ = 0 and |L| = ; under stable stratification g<o
and L > 0, and under convection ¢ > 0 and L < 0. All dimensionless

variables can be functions only of the dimensionless height { = % (z is the
height). In particular, the averaged wind velocity can be represented by

@ w0 = %[1(3) -1(3)]

where z, is the roughness, and f({) is the universal funotion. As stated in
Monin and Obukhov (1083, 1954), if |{| is small, f({) has the following
form

(%) SO = In|l|+8¢

where § 2 0-6. The parameter { is connected with the Richardson number
by the relation

Ry 1
(6) . ‘El—" - i;'(——‘)o
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To describe the turbulent diffusion in the surface layer of the atmo-
sphere the following principle can be formulated :

() The turbulent diffusion sn a Aorszontally-Aomogeneous stationary
surface layer of asr obeys the similarity theory in which the values L and v,
are the only scales of length and velocity.

According to this principle the maximum velocity of the vertical
propagation of the diffusing smoke is given by
(7) w* = Ay 9({)
where ¢({) is a certain universal function, which can be subjected to the
condition ¢(0) = 1 so that A will be equal to w*/v* under indifferent
stratification. In the experiments shown in Fig. 2 which were carried out
under conditions close to indifferent stratification w* = 0-12 m/sec. and
v* = 016 m/sec. so that A = 0-75. Perepelkina’s (1957) data show that
(w3)V on average equals 086 v, (v’ is the vertical components of the
wind velocity).

In order tc-determine the form of the function ¢({), let us use the
turbulent enefgy balence equation

du g dT
“® K(5) -1,k % -
where K is the coefficient of turbulence, ¢ is the rate of dissipation of the
turbulent energy, « is the ratio of the diffusion coefficients for momentum
and heat. Rewriting this equation in the form

(9) }-@1 = ] —GR‘,
dz
using the equation K g—:} =} and putting, in accordance with the simi-
*3

larity theory, € x “’T and K « w*l where [ is the scale of turbulence,
wo get

w*\¢ . .
(10) (;;—) x 1—aRs
from which

1
11 - (1-~ R‘V‘-[l-——-,—]

(11) o{) = (1-aRs) 7o

as a has, obviously, the value 1/Bi,,. When { is small and the approxi-
mation (5) is valid we get

a oo = 12

Approved For Release 2008/12/10 : CIA-RDP80T00246A004700420002-2
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3. Tus Swars or Tas Bouwpamss or rus Smoxs PLuxs

wusom-'dcunakeplmdnﬂtnlmmﬂovin‘wtda
Mp&tmuNMbhthnm layer of the atmo-

w.mqmamawmhum-pp«bow
of the plume have the form

(13) :‘-f-t;. g-w'

where z is the hortEcatal coordinate in the wind direction. Using Equa-
tions (4), (7)md(ll),ngotfmm(lz)ebfolbvﬁ:gdiﬂennthleqmtion
for the wpper boundary of the smoke plume

od o
" a_1 1i)-1(3)
2 = - 1
[zl

A similar equation (with a minus sign) is obtained for the lower boundary
of the smoke plume. The equation does not contain explicitly the friction
velocity, but does contain the stratification parameter z/ L. Hence the
following conclusion can be drawn:

(¢) The shape of the boundaries of the smoke plume (in particular, their
inclination to the horizon) does not depend uwpon the wind velocsty, but does
depend upon the stritification of atmosphere.

When |z/L| is small and the approximation (5) is valid, the Equation
(14) can be written in the form:

P
(18) »tga—a;‘:zx) . 4 .
ln‘—.+ﬂ(

Puttingu = 0:4,A = 0-8,2/2 = 800 in the case of indifferent stratification
we get iga = 0-03.

By integrating Equation (14) we get .
(16) z = s[r(i'i)—r(;%)] F(.8) -! l(i):l_(_w' dl.
7'

nhmnh@dhmﬁwhd&iuwvhenmmuhhb
sccount the variation of the wind velocity with altitude. Taking f({) from
the empirical graph of this function published by Monin and Obukhov

(1953, 1954), and by numerical integration of (16) we have plotted

Approved For Release 2008/12/10 : CIA-RDP80T00246A004700420002-2
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‘the graph for the shape of the wpper boundary of the mmoke plame
{ = F-3(£,10), where € = Z1=. Those graphs are given in Fig. 3 (the solid

ocurve is for the stabls steatification ; the dashed curve is for the unstable
mtiﬂootion)mdlhnenﬂnttbo-nobphmmnﬂiuﬂym
distance from the source much faster under unstable than under stable
stratification.

The calculstion given above applies to a smoke of neutral temperature.
But it often happens that one has to deal with a heated smoke. On flowing
up to a certain height A a heated smoke acquires the temperature of the
surrounding medium and then diffuses as a neutral plume. The heated
plume far from the source becomes similar to the smoke plume with a
neutral temperature flowing out of a source elevated to the height A. The
height A must depend upon the intensity of turbulent mixing, which can
be characterized by the value v,. Bome authors have therefore sought to
express the dependence of A mainly upon the wind velocity .

The conclusions mentioned above were verified by Kasanski and
Monin (1957) with the help of surface sources. We tried to imitate the
steady lincar source of smoke perpendicular to the wind direction. The
smoke plume was filmed from one side (with frequency of 1 frame per
15 sec.) and by combining the frames we obtained the average curve for
the plume boundary; this curve was approximated by a straight line
inclined to the horizon and the effective height A reached by the smoke,
because of its heating, was determined. Fig. ¢ shows examples of the
smoke plumes and their treatment under unstable stratification and
Fig. 6 under indifferent stratification. The cases with an inversion layer
at & small height having s typical break in temperature profile were not
treated (such cases can be observed during the formation and destruc-
tion of surface inversions, i.e. under non-stationary conditions).

The shape of the boundary of the smoke plume is in good agreement
with the theory set forth if A is close to or a little exceeds unity (the values
of A determined by such a method characterize the turbulence of scale
large compared with the thickness of the smoke plume). The experirents
completely confirmed the conclusion (c). Fig. 6 displays the measured
dependence of the inclination of the plume boundary tga upon the
stratification parameter 1/L. Fig. 7 displays the dependence of the height
A, to which the smoke assends, upon the value v,.

4. CoxcanraaTion Paownims 1v A Smoxs Pwi:

Distribution of the smoke conocentration in space for one or another source
can be determined theoretically only as the solution of the diffusion equa-
tion. Guided by the principle (s) we are denied the use of the routine

Approved For Release 2008/12/10 : CIA-RDP80T00246A004700420002-2
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parabolic diffusion equation corresponding to an infinitely rapid pollution
propagation in space. The diffusion equation corresponding to the limited
propagation velocity should be hyperbolic : such a hyperbolic system of
equations was obtained by Monin (1885, 1858) in the form

ac 8 _. B ho®s

where s is the cor.co.woration, and 8 is the turbulent flux of the dxﬁ'unng
pollution, a is a typical frequency of turbulent pulsations which in
accordanoce with the similarity principle can be written in the form:

K a = "7‘.;(%)

Using the formulae (7) and (1 1) for w* and knowing that the stationary
solution of Equation (17) has the form

(18) 8(24) - 8(2)) = — ;f‘_ [f (zi) -/ (21:)]

which results from the similarity theory of Monin and Obukhov, we have
to put

1 qua
(20) WO = zf(c)[ m)] -
cu*s

(In the process of obtaining this equation the expression w* oy, was

approximated by w"a‘ i.e. the pollution flux in zero concentration

az’

gradient, arising from the variation of turbulent intenaity with height,
was neglected.)

Equation (17) with the coefficients of (7)-(11) and (20) can only be

solved numerically. However, in the case of indifferent stratification

s
when w* = Av* and @ = —2:'—;3 it becomes easy to find the solution of

these equations, corresponding to the instantaneous point source of
intensity Q. This solution has the form

_ )\
@ -3 ,};:’;‘_‘;m:
Moot

where ¢ = ;; > 1. If one has a stationary linear source of pollution,

0 <2z < Avgt

perpendicular to the wind direction, and one neglects the horizontal

Approved For Release 2008/12/10 : CIA-RDP80T00246A004700420002-2
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mixing and the change of wind velocity with height, the concentration
of the pollution is given by :

B \?
(23) - oxe) - ;Q—‘;-g:_:%' 0¢sg ‘\."%’
Moz

Consequently, the concentration profiles at different distances from the
sources are similar, and the maximum (surface) concentration is inversely
proportional to the distance from the source. It is of interest to find out
whether these results are at least approximately true also in the general
case; i.e. under any stratification and taking into account the change of
wind velocity with altitude. We shall formulate the hypothesis that :

(23) o(z,2) - 0. (z)é [I%z)]

where s,,(x) is the maximum concentration, and H (z) is the height of the
smoke plume at the distance z from the source. It follows from (23) that,
approximately, s, « 1/z. Indeed, under the condition of constancy of
the total smoke flux through the plane z = const, i.e. ,

"
(24) [ #8dz = const,
%

weobtains,, < 1/&, H, where #,, is the average value of the wind velocity
in the layer from z, to H weighted by the function #(z/H). Putting
H ~ rtga and taking into consideration that tgx and ¥, vary with the
distance very slowly, we obtain s, « 1 Jx. :

The hypothesis (23) was also verified by Kasanski and Monin (1957)
by data on smoke concentration from surface sources obtained by means
of a sampling method. Fig. 8 displays the results of measurement of the
function ¢(z/H) = s/s,, from the dats of 20 experiments. The dashed
lines show the values of M) = (1=0)-1(1 4 {)-2 corresponding to the
formula (22) when ¢ = 1 and ¢ = 5/4. The graph shows that the experi-
mental points generally agree satisfactorily with the theoretical curve if
€ = 5/4. Large scatter for small s/Hi-dnetotheheotof.onmeproducing
different lifts in different experimentes and #0 to variations in the height
of maximum concentration. Fig. 9illustrates the results of measurements
of the smoke concentration at a height of 1-5 m. at different distances
¢ = z/L from the source. The ordinate is 1g (s(¢)/8(¢,)) where Ig¢, = 0-2.
The graph shows that, approximately, s(¢) « 1 /€.

Approved For Release 2008/12/10 : CIA-RDP80T00246A004700420002-2
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80 the hypothesis (23) satisfactorily agrees with experimental date and
we can draw the following conclusion :

@ mwwa.mmavagmm
Mﬁcmmwwbnﬁm Thcm
conceniration in the smobs plume is approximately inversely proportional
to the distance from the sowrce.
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TUMNT DIFFUSION IN THE SURFACE LAYER UNDER
' STABLE STRATIFICATION

A. S. Monina
wdmﬁdmmdwm.
Turbulent diffusion along the vertical will be desoribed by means of the

equation :
S & 2 &
(1 i':{“‘);’
where ¢ is the conoentration of the pollution, ¢ the time, z the vertical
ooordinate, k(z) the vertical diffusion coefficient. We suppose the earth

surface z = 0 to be impenetrable to the diffusing pollution and to be non- -
absorbing, and we shall take the following boundary conditions:

(2) ' b(z) %= ¢ —0.

l-oo s>

We shall seek the basic solution of Equation (1), i.e. the solution of
(s, t; A), corresponding to the situation when an instantaneous point
source of unit intensity is present at the height s = A at the moment
§ = 0: this solution satisfies the initial condition

(3) . ofs,4;8) ;-_:3(:—5)
where 3(s) is the delta-function.
In accordance with similarity theory for the turbulent regime in the

surface layer developed by Monin and Obukhov (1983, lou),&boo-
eficient of turbulent diffusion has the form :

© . M= nk(7)
where L is the length scals in the surfecs layer given by
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v, is the friction velocity, « von K&rmin constant, g the acceleration of
gravity, T, the mean standard temperature of the surface layer, g the
vertical turbulent heat flux, ¢, the specific heat and p the air density. The
dimensionless function K(s/L) in this case is the same as the Richardson
number. Aoccording to Monin and Obukhov when |s/L| is small this
function is asymptotically equal to £/ L. In the case of stable stratifioation
(g < 0, L > 0), to the consideration of which we confine ourselves in the
present paper, if z/L is large the function K(z/L) asymptotically ap-
proaches some constant B, which has the value of the limiting Richardson
number for the stable atmosphere (this number at any rate does not
exoeed the critical Richardson number). Further, we shall take R= 1
and this will not limit the scope of the consequent results.
Let us introduce dimensionless values, putting

©® . T TSIy
The Equations (1)—(3) in dimensionless variables take the form
o8 0 as
7 — = = Kil)—: ’
™ &= x X5 K(c) i *—0
0({.';'1)'305({—'1).
The function
if 1
®) ww-{% ¢ &5

will be the simplest approximation of the funotion K({) the asymptotic
properties of which are indicated above. The model for the turbulent
diffusion coefficient as deecribed above was proposed by Shvetz and
Yudine (1940) and was then used in a number of works. In contrast to
these workers we determine the parameters of the indicated model in

aocordance with the similarity .
If n < 1 the solution of Equations (7)-(8) has the form
(9 )
L[, ranadel2vOIfzvnide
J A o~ A
o{rin) = .- J,(z)eoo'(————z; n-l,(z)-inz({; 1)
1 e—~(rs*Ve
wf eIz va) N+ @ de
0 f ¢>1;
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determined from the equation:
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The proof of Equations (9) and (10) is gi

of the function &({,r;
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illustrates the dependence s upon 7 w.
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were computed by Monin (1
illustrates the dependence o:

whereas if 7 > 1 we obtain

(10)
ol
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For a steady line

s = A and perpendicular

of the pollution may be

(11)
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Having subjected the Equation (7) to the Laplace trapsformation
n&hvnﬂmw*pmmnmm
wm““““~y o

r C edie .
1 VD) . 1
- ;r‘?ﬂ*h(’——,ﬂ)-f; ‘:[‘ S BVNILVED)
_ K@vp)-Ki3vp)
arm=] T v <
BT T
1 pi-n L3 L ] ,
ﬁ._f‘_‘"’"‘f dvatlavmve 1 42!
[ adie ) )
' ey L2VED]  dp .
m.i.'d'"'"ﬁwmu.(wn v I
1
ol,rin) = { §7(wr) [‘_(‘_::::“‘“ﬂ-‘w"]
1 ot o2vP)  dp
t3m | T L I Ve
- e ¥ I»L

We have already extracted the items for which the inverse Laplace
transformation is finally performed. While computing the contour integ-
rals in the above formulse, one should first of all find out the character
of the singular points of the integrated functions: one of the singular
poinuhthstofbmohingp—o.Todithhemulﬁ-dphoredm,of
the integrated function, the integration contour should be taken in &
mpbxplmpwithontmmmputdtbndaﬂ.lnthh
case we choose the specimen of the complex plane for which |argp| < .
The seros of the denominator I(2+/p)+ 1(3v/p), i.e. the roots of the
function F(z)],(s) + I,(z) in the range of |args| < »/3, could serve as other
singular points: we shall prove that there are no such roots. It}-obvbu
when 2 = z > 0 is valid, as F(z) > l.NeiﬂurI(:)h,-puvlymuﬁmry
roots as F(s) = J (is) - iJy(is) and the equality F(sy) = 0 is valid ocnly
when J(y) = J,(y) = 0, but J, and J, have no common roots. Suppose
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that F(z) has the complex root z,: then the complex-conjugated number
22 will also be a root. Using the well-known formuls

3
f tJ (k) J (it)ds = FéF[J_(u)d%&(_l_‘.)_ J.(u)dJaiu)]

we obtain the relation

Io(zo) Ii(23) + 1o(20) h(20) _
Z° + Z: ’

1
f‘l'o(=J>l’+ll.(zot)md: =
1]

If z, is & root of F(z) then this expression can be written in the form
Holzo)*
Rez,
complex roots in the range jargz| < =2 so the point of branching p = 0
is the only singular point of the integrated functions in our equations. In
this case the integration contour can be reduced to the edges of cut and
after an appropriate transformation of the contour integrals the Equa-

tions (9) and (10} can be obtained.

80 that Rez, < 0 and, consequently, the function F(z) has no
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